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Most financial markets produce inhomogeneous (i. e. unequally spaced) tick-by-tick
data at high frequency. Recently developed time series operators can be used to
directly compute statistical variables such as volatility from inhomogeneous data.
This is not possible with traditional time series methods. Value-at-Risk computa-
tions require measurements of current volatility, but the conventional calculation
from daily data, sampled at a certain daytime, is strongly sensitive to the choice
of this daytime, revealing a high amount of stochastic noise. An alternative cal-
culation from high-frequency, tick-by-tick data with time series operators is shown
to have similar results, except for two advantages: distinctly reduced noise and
up-to-date results at each tick. The time series operator method is flexible and
computationally efficient. It can be used to express generating process equations
and to compute the Value-at-Risk in real time.

1 Introduction

For banks and other financial institutions, risk measurement plays a central
role. Risk levels must conform to the capital adequacy rule. An error in the
computed risk level may thus affect a bank’s investment strategy. The state of
the art is measuring risk by analyzing daily data: using one market price per
working day and per financial instrument. In this paper, the stochastic error
of such a risk measure is demonstrated in a new way, concluding that using
only daily data is insufficient.

The challenge for statisticians is to analyze the limitations of risk measures
based on daily data and to develop better methods based on high-frequency
data. This paper meets this challenge by introducing the time series operator
method, applying it to risk measurement and showing its superiority when
compared to a traditional method based on daily data.

Intra-day, high-frequency data is available from many financial markets
nowadays. Many time series can be obtained at tick-by-tick frequency, includ-
ing every quote or transaction price of the market. These time series are in-
homogeneous because market ticks arrive at random times. Irregularly spaced
series are called inhomogeneous, regularly spaced series are homogeneous. An
example of a homogeneous time series is a series of daily data, where the data
points are separated by one day (on a business time scale which omits the
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weekends and holidays).

Inhomogeneous time series by themselves are conceptually simple; the dif-
ficulty lies in efficiently extracting and computing information from them. In
most standard books ®11* on time series analysis, the field of time series is
restricted to homogeneous time series already in the introduction. This restric-
tion induces numerous simplifications, both conceptually and computationally,
and was almost inevitable before cheap computers and high-frequency time se-
ries were available.

In a recent paper, Zumbach and Miiller 2 have presented a new time
series operator technique, together with a computationally efficient toolbox, to
directly analyze and model inhomogeneous as well as homogeneous time series.
This method has many applications, among them volatility or Value-at-Risk
(VaR) computations tick by tick. Traditional methods such as RiskMetrics™ 6
can be shown to be special cases of the operator technique.

A comparison is made between VaR results based on daily data, sam-
pled at a certain daytime, and results based on tick-by-tick data and the new
time series operator technique. If using daily data, a surprising and (for prac-
titioners) alarming sensitivity against the choice of the sampling daytime is
observed. The stochastic noise seems higher than acceptable to risk managers.
An alternative VaR computation based on tick-by-tick data and a new time
series operator technique is shown to have similar properties, except for two
advantages: distinctly reduced noise and availability of up-to-date results at
each tick.

These results may encourage both researchers and practitioners to study
and use high-frequency tick-by-tick data and, thereby, to apply methods based
on time series operators. There exist some applications of the operator tech-
nology, such as the “Scale of Market Shocks” by Zumbach et al. '® and some
indicators of automated technical trading algorithms as described by Pictet
et al.'%. An obvious step would be the implementation of real-time, tick-by-
tick VaR computations in practice.

The time series operators can also be used in the formulation of old and new
generating processes of time series. This opens new ways to develop process
equations with new properties, also for inhomogeneous time series.

2 The time series operator technique

In this paper, only a minimum of a description is given, so the applications
of the following sections can be understood. The theory of the time series
operators has been derived and explained by Zumbach and Miiller '2.
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Figure 1: Time series operator 2

2.1 Inhomogeneous time series

A time series z consists of elements or ticks z; at times t;. The sequence of
these time points is required to be growing, t; > t; ;.

A general time series is inhomogeneous, meaning that the sampling times ¢;
are irregular. For a homogeneous time series, the sampling times are regularly
spaced, t; — t;_1 = Ot.

For some discussions and derivations, a continuous-time version of z has to
be assumed: z(t). However, the operator methods that are eventually applied
only need the discrete time series (t;, 2;).

The letter x is used to represent the time series of logarithmic middle
prices, £ = (Inppiq + In pask)/2. This quantity is used in the applications.

2.2  Operators

An operator 2, mapping from the space of time series into itself, is visualized
in Figure 1. The resulting time series [z] has a value of Q[z](t) at time ¢.
Important examples are moving average operators and more complex operators
that construct a time series of volatility from a time series of prices.
Linear and translation-invariant operators are equivalent to a convolution
with a kernel w: .
QL)1) = / w(t — 1) 2() dt’ (1)
—00
A causal kernel has w(t) = 0 for all ¢ < 0. No information from the
“future” is used. If w(t) is non-negative, [z] is a weighted mowving average of
z whose kernel should be normalized:

t w(t—t)dt = oow(t)dt =1 (2)
—00 0

The kernel w(t) is the weighting function of the past. Figure 2 gives an example.
The range of an operator is the first moment of its kernel:

r o= /Oo () tdt (3)

—0Q0
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Figure 2: Example of the causal kernel w(t) of a moving average

This indicates the characteristic depth of the past covered by the kernel.

Operators are useful for several reasons, as to be shown. One important
aspect is to replace individual ticks from the market by local short-term aver-
ages of ticks. This mirrors the view of traders who consider not only the most
recent tick but also the prices offered by other market makers within a short
time interval.

2.3 The simple EMA operator

The Exponential Moving Average (EMA) operator is a simple example of an
operator. It is written EMA[7; 2] and has an exponentially decaying kernel, as
shown in Figure 3:

e—t/‘r
w(t) = ema(t) = 4)

According to egs. (3) and (4), the range of the operator EMA[7; 2] and its
kernel is

r =7 (5)

The variable 7 thus characterizes the depth of the past of the EMA.
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Figure 3: Kernel of the simple EMA operator EMA[7; z]. Here: 7 = 1.

The values of EMA[r; 2](t) can be computed by the convolution of eq. (1), if
z(t) is known in continuous time. This implies an integration whose numerical
computation for many time points ¢ is costly. Fortunately, there is an iteration
formula that makes this computation much more efficient and, at the same
time, solves the problem of discrete data. This means that we do not need
to know the whole function z(t); we just need the discrete time series values
z; = 2(t;) at irregularly spaced time points ;. The EMAs are calculated by
the following iteration formula:

EMA[7; 2](tn) = pEMA[7;2](tn-1) + (1—p) 2(tn) + (p—v) [2(tn) —2(tn-1)]

(6)
with
p=e%, a= bn — tn-1 (7)
T
and
y= 8 ®)

This variable v is related to the problem of using discrete data in a convolution
defined in continuous time. We need an assumption on the behavior of z(t)
between the discrete time points ;. Eq. (8) is based on the assumption of
linear interpolation between points; other formulas for v are implied by other
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interpolation assumptions, as explained by Zumbach and Miiller 2. In the case
of assuming the value of the old tick for the whole interval before the new tick,
the correct formula is

v =1 9)

For a homogeneous time series, u and v are constants. A homogeneous
time series can alternatively be regarded as a truly discrete time series to which
interpolation does not apply. This is mentioned here because it is a popular
approach used by traders (in their “Technical Analysis”) and by RiskMetrics.
For such a discrete time series, ¢, — t,—1 is defined to be 1, and the following
definition is appropriate:

1 T T
a v 1+a T+ty —th_1 T+1 (10)

as shown by Miiller (1991) 7. The range of an operator for a genuine discrete
time series has a new definition: r = > 7  w;i. For EMA, this means r =
p/(1—p) = 7 with w; = (1 — p)pi. The p and v values resulting from eq. (10)
are very similar to those of egs. (7) and (8) as long as « is small.

The iteration equation (6) is computationally efficient, extremely so when
compared to a numerical convolution based on eq. (1). No other operator
can be computed as efficiently as the simple EMA operator. However, there
are means to use the iteration equation (6) as a tool to efficiently compute
operators with other kernels, as shown below.

An iteration formula is not enough. We have to initialize EMA[T; 2](to)
at the start of the time series. For this, we can take zo = z(¢p) or another
typical value of z. This choice introduces an initial error of EMA([7; 2](to) which
decreases exponentially with time. Therefore, we also need a build-up period
for EMA[r; 2]: a time period over which the values of EMA[7; 2] should not yet
be applied because of their initial error. Build-up periods should be multiples
of 7, e. g. 57. The choice of a large enough build-up period is discussed by
Zumbach and Miiller 2.

2.4 The operator EMA[T,n; 2]

Time series operators can be convoluted: a time series resulting from an opera-
tor can be mapped by another operator. This is a powerful method to generate
new operators with different kernels.

The EMA[T, n; z] operator results from the repeated application of the
same simple EMA operator, as defined by Miiller (1991) 7 for the first time.
The following recursive definition applies:

EMA[r, k; 2] = EMA[r; EMA[r, k — 1;2]] (11)
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Figure 4: Kernels of EMA[7,n;2]. Curves for n = 1 (thin), 2, 3, 4, 10 (bold). Left graph:
for 7 = 1; right graph: r =n7 =1.

with EMA[7,1; 2] = EMA[r; z]. The computationally efficient iteration formula
of the simple EMA, eq. (6), can again be used; we have to apply it recursively
(n times) for each new tick (t;,2;). For v, we insert eq. (8) which is based on a
linear interpolation assumption between ticks. (This assumption is just a good
approximation in some cases, as discussed by Zumbach and Miiller 12).

The operator EMA[7, n; 2] has the following kernel:

emalr,n](f) = —— (3)n_1 e (12)

(mn=1! \7 T

This kernel is plotted in Figure 4, for several n. For large n (e. g. n = 10 in
Figure 4), the mass of the kernel is concentrated in a relatively narrow region
around a time lag of n7. The corresponding operator can thus be seen as a
smoothed backshift operator.

The family of functions of eq. 12 is related to Laguerre polynomials which
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Figure 5: Kernels of MA[T,n;2];n =1, 2,4, 8,16, for 7 =1.

are orthogonal with respect to the measure e™? (for 7 = 1).

Operators, i. e. their kernels, can be linearly combined. This is a power-
ful method to generate more operators. Linear combinations of EMA[7, n; 2]
operators with different n but identical 7 values have kernels that correspond
to expansions in Laguerre polynomials. This means that any kernel can be
expressed as such a linear combination. The convergence of the Laguerre ex-
pansion may however be slow.

In practice, a small set of useful operators can be prepared with all the
kernels needed. Aside from the discussed expansion, it is also possible to
linearly combine kernels with different 7 values. Some useful types of combined
operators are presented by Zumbach and Miiller '2.

2.5 The operator MA[T,n; 2]

The moving average (MA) operator has kernels with useful properties as shown
in Figure 5. It is constructed as a sum of EMA|[7, n; z] operators:

2T
n+1

1 n
MA[r,n] = EZEMA[T',k] with 7' =
k=1

(13)

The variable 7’ is chosen such that the range of MA[r,n] is r = 7, independent
of n. The kernel form depends on the choice of n. For n = 1, we obtain a simple

8



Figure 6: Kernel of the differential operator A[7]: full curve. Here: 7 = 1; dotted curve:
first two terms of the operator; dashed curve: the last term 2 EMA[afT,4].

EMA operator, for n = oo the rectangularly shaped kernel of a simple moving
average with constant weight up to a limit of 27. This simple rectangular
moving average has a serious disadvantage in its dynamic behavior: additional
noise when old observations are abruptly dismissed from the rectangular kernel
area. Kernels with finite n are better because of their smoothness; the memory
of old observations fades gradually rather than abruptly.

The formula for the MA[7,n] kernel is

n+let/7 1 [t

mal[7,n)(t) = > <—,> ) (14)

n 2T k! \ 7
k=0

Many other kernel forms can be constructed through different linear com-
binations of EMA[T, n; 2] and other operators.

2.6 From returns to differentials

Most statistics in finance is based on returns: price changes rather than prices.
Simple returns have a rather noisy behavior over time; we often want differences
between local averages of x: smoothed returns.

Smoothed returns are computed by differential operators. Examples:

o £ — EMA[r,n;z], where the EMA replaces z(t — 7). This is used by the
application of section 3.2.



o EMA[r,n1] — EMA[72,n2], with 7 < 72 or ni < na.

e Alr] = v {EMA[ar,1] + EMA[ar,2] — 2EMA[af1,4]}, with v =
1.22208, 3 = 0.65 and o' = (88 — 3) . This is normalized, so A[r,1] =
0, A[r,t] = 1. The kernel of this differential operator proposed by
Zumbach and Miiller !2 is plotted in Figure 6.

The expectation value of squared smoothed returns may differ from that of the
corresponding simple returns. This has to be accounted for when comparing
the two concepts, for example in terms of a factor ¢ in eq. (20).

2.7 Volatility measured by operators

Volatility is a central term in risk measurement and finance in general, but
there is no unique, universally accepted definition. There are volatilities de-
rived from option market prices and volatilities computed from diverse model
assumptions. In this paper, the focus is on historical volatility: a volatility
computed from recent data of the underlying instrument with a minimum of
parameters and model assumptions.

For computing the time series of such a volatility, a time series operator is
again the suitable tool. We first define the nonlinear moving norm operator:

MNorm|[r, p; 2] = {MA[r;|z|?P]}'/? (15)

This operator is based on a linear MA operator (where we are free to choose
any positive, causal kernel), it is nonlinear only because a nonlinear function
of the basic time series variable z is used. MNorm|[7, p; z] is homogeneous of
degree 1.

The volatility of a time series  can now be computed with the help of the
moving norm operator:

Volatility[ry, 72, p; ] = MNorm [;—1, p; AlTa; :L']] (16)

(a2 amar] Y an

This is the moving norm of (smoothed) returns. With p = 2, it is a particular
version of the frequently used RMS value. However, some researchers had and
have good reasons to choose a lower value such as p = 1 in their special studies.

Eq. (17) is based on a moving average (MA) and a differential (A) oper-
ator. In principle, we may choose any MA and A operator according to our
preference. In the applications of section 3, this choice is made explicit.

The volatility definition of eq. (17), as any definition of historical volatility,
necessarily has two timing parameters:
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1. the size of the return measurement intervals: 7»;

2. the size of the total moving sample: 71, often > 7»; defined as the double
range of the used MA. The MA operator has a range (center of gravity
of the kernel) of 7 /2.

3 Application: volatility computation in risk management

Computing recent volatility is a central ingredient of risk assessment in risk
management. Here it serves as an example to demonstrate the usefulness and
superiority of time series operators.

The RiskMetrics™ method® is chosen as a well-known example. First it is
shown to be a special application of the time series operator technique. Then
a better volatility computation method, also based on the time series operator
technique, is proposed. Thus two approaches are compared:

1. The RiskMetrics method, based on an IGARCH model with working-
daily data.

2. A tick-by-tick alternative, following RiskMetrics as closely as possible,
based on time series operators.

In both cases, squared volatility is defined as the expectation o2 of squared,
working-daily changes of the logarithmic middle price z. This is for the sake
of a meaningful comparison; it does not imply that using squared returns is
necessarily the best choice for an optimal volatility definition.

3.1 Conventional computation based on daily data

The RiskMetrics method is based on an IGARCH model. Its volatility formula
gives the conditional expectation of the squared return assuming IGARCH:

o?(t) = po?(t—1wday) + (1 —p)[z(t) — 2(t — 1 wday)]? (18)

with g = 0.94. This is just an EMA iteration which can also be written in our
operator notation:

o%(t) = EMA [r = 15.67 wdays; [z(t) — z(t — 1 wday)]?] (19)

evaluated at discrete time points separated by 1 working day (= 1 wday); with
EMA range 7 = p/(1 — p) in working days, following eq. (10).

Thanks to the regularity of the underlying homogeneous time series, y =
0.94 is a constant. In general, the constancy of y makes the operator technique
particularly efficient for homogeneous time series.
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Figure 7: Standard RiskMetrics volatility. Circles: data sampled at 7 am GMT; diamonds:
data sampled at 5 pm GMT. Independent computations. FX rate: USD/JPY ; period: Jan
1999 - Feb 1999. The price is plotted against time on the lower graph.

Figure 7 shows the resulting volatility as a function of time, in an empirical
example from the foreign exchange (FX) market: USD/JPY data in January
and February 1999. The volatility is computed only once per working day, at
a given daytime; the resulting volatility value is valid until it is replaced by a
new one, one working day later.

In Figure 7, two such volatilities are plotted. The difference between the
two curves solely originates from the choice of daytime when the raw data z
is sampled and the volatility is computed by eq. (18) or (19). One curve is
sampled at 7 am GMT which is a time in the late afternoon of East Asian time
zones — a suitable daytime for the daily risk calculations of an East Asian risk
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manager. The other curve is sampled at 5 pm GMT — a suitable daytime for
a risk manager in London.

The differences between the two curves are surprisingly large: up to 25%,
an alarming uncertainty for risk managers. Risk levels are linked to a bank’s
capital through the capital adequacy rule, so differences in risk measurements
have a major impact on banking! In our case, two risk managers measure very
different volatility and thus risk levels for the same financial instrument, just
because they live in different time zones. A difference can persist over weeks,
as shown in Figure 7. This figure is just an example. The same surprisingly
strong effect can be found also for other financial instruments, sampling periods
and choices of daytime.

Both deviating volatility values cannot be right at the same time; there
must be an error in these values. This error is of stochastic nature; there is no
systematic bias dependent on the daytime. In Figure 7, the difference between
the two curves is neither always positive nor negative; it changes its sign.

Figure 7 demonstrates the large stochastic error of the RiskMetrics method.
The large size of this error has two main reasons:

1. The rather small range of the kernel of some 16 working days. The
number of independent observations is limited. We cannot essentially
change this fact, because the choice of a short range is also motivated by
the goal of fast adaptivity to new market events.

2. The results depend on only one observation per day, taken at a certain
daytime. All the other information on prices of the day is thrown away.
The value at that daytime may be little representative for the full day:
it may be located on top of a short-lived local peak of the price curve.
This is indeed the reason for the large deviations of the two curves in
Figure 7. The effect is exacerbated by the known fact that returns have a
heavy-tailed distribution function: extreme (intra-day) events dominate
the statistics.

The focus of this study is not so much the behavior of RiskMetrics (IGARCH),
but the problems of using homogeneous, daily data in general, no matter which
GARCH-type or other model is investigated. The significance of most results
can be improved by using all the available information, tick by tick, as shown
in the next section.

3.2 Tick-by-tick volatility computation

For the sake of a fair comparison, a tick-by-tick volatility computation is in-
troduced that follows RiskMetrics as closely as possible. There are only two
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innovative modifications:

e The squared volatility o(¢) is computed at every available tick, not only
once per working day.

e Simple returns are replaced by operator-based, smoothed returns.

Nothing is changed otherwise; the sampling range of 15.67 working days and
the working-daily nature of (smoothed) returns are preserved.

The new volatility measure is again defined in operator notation (where
“wdays” stands for working days):

o? = ¢cEMA [T = 15.67 wdays; (x — EMA[r = 1 wday, 4; :1:])2] (20)

This is just a special case of eq. (16). The computation is efficiently done at
every new tick, repeatedly using the iteration formula (6). This works not only
for the simple EMA but also for EMA[7, 4; z] as explained in section 2.4.

The constant ¢ compensates for the fact that we use smoothed returns
x — EMA[r1, 4; 2] as introduced in section 2.6 instead of the simple returns of
section 3.1. In the case of x following a Gaussian random walk, the theoretically
correct value is ¢ = 128/93. Using this factor eliminates a systematic bias of
the tick-by-tick volatility as compared to the RiskMetrics volatility.

Eq. (20) is computed on a special business time scale defined as follows.
The 49 weekend hours from Friday 8 pm GMT to Sunday 9 pm GMT are
compressed to the equivalent of only 1 hour outside the weekend. This fully
corresponds to the time scale of RiskMetrics which omits the weekend days.
A more sophisticated and appropriate choice of the business time scale would
be the ¥-time of Dacorogna et al. (1992)!, but this is avoided here in order to
keep the approach as close to RiskMetrics as possible.

Figure 8 shows the resulting volatility as a function of time. The same
financial instrument and sampling period is studied as in Figure 7. High-
frequency data is available here. Now, the large differences between values at
7 am GMT and 5 pm GMT have vanished. The observations at these daytimes
appear as points on one continuous, consistent curve. In fact, we can obtain
volatility values at any daytime now, not just once or twice a day. A risk
manager in London essentially measures the same risk of the instrument as a
risk manager in East Asia, as should be expected in normal situations. Only if
a dramatic event between the two daytimes of measurement happens, the risk
levels deviate. This is natural; the operator-based volatility quickly reacts to
dramatic events, as can be seen in Figure 8.

The variations of the volatility level over time are moderate in Figure 8.
The extreme volatility minima and maxima of Figure 7 which are mostly due
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Figure 8: Operator-based tick-by-tick volatility. Circles: values at 7 am GMT (7:00); dia-
monds: values at 5 pm GMT (17:00). FX rate: USD/JPY; period: Jan 1999 - Feb 1999.
The price is plotted against time on the lower graph.

to stochastic noise have vanished. The new tick-by-tick volatility has less
stochastic noise than the RiskMetrics volatility, although the moving sample
range of 15.67 working days is the same.

The curves of Figures 7 and 8 are combined in Figure 9. Here, we can
see that the tick-by-tick volatility (bold curve) has a similar dynamic behav-

ior as the RiskMetrics volatilities while avoiding extreme oscillations due to
stochastic noise.

The lower noise level of the tick-by-tick volatility is now plausible, but
we need scientific evidence for this. In the general case, such evidence can be
gained through Monte-Carlo studies based on a certain process assumption,
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Figure 9: Comparing RiskMetrics to operator-based volatility. Bold curve: operator-
based; circles: RiskMetrics 7 am GMT; diamonds: RiskMetrics 5 pm GMT. FX rate:
USD/JPY ; period: Jan 1999 - Feb 1999. The price is plotted below.

comparing the error variances of the RiskMetrics volatility and the tick-by-
tick volatility. In the case of Gaussian random walk, we have even stronger
evidence: an exact result by Miiller (1993)%. By using continuously overlapping
returns instead of non-overlapping returns, the error variance of the empirically
determined o2 is reduced to 2/3 of the original value.

The tick-by-tick operator is indeed using (almost) continuously overlapping
returns. In addition to this, it is based on smoothed rather than simple returns,
which also leads to a reduction of stochastic noise.

Other advantages of tick-by-tick, operator-based methods are the efficient
computation based on iterations and the updating at every new tick. Thanks
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to fast updates, the volatility measure can quickly react to new market events
such as shocks, at any daytime.

3.8 VaR computation in real-time

Conventional Value-at-Risk (VaR) computations are done once a day, usually
in the evening. Traders and portfolio managers typically do not know their
current risk; they just know yesterday evening’s risk. What they would really
need is a real-time VaR computation, updated as quickly as they can change
their positions.

The tick-by-tick operator proposed in section 3.2 and eq. (20) is a tool to
make a real-time VaR possible. In addition to this, a corresponding tool to
compute moving covariances or correlations is needed. This is possible with
similar operators; some operators are proposed by Zumbach and Miiller '2.

A real-time VaR computed according to these guidelines would still be
rather similar to RiskMetrics, except for lower noise and a higher updating
frequency. There are many criticisms of RiskMetrics that would apply to it,
too. Some researchers, for example, replace the IGARCH model by another
GARCH-type model. Other researchers such as McNeil et al.® focus on the
behavior of extreme price changes which may follow other laws than average-
size changes. Moreover, return observations over intervals other than daily, for
example hourly or weekly returns, contain valuable information that should
also be used in a VaR computation.

All these possible refinements of risk measurement are not discussed in this
paper. They have to be addressed in future research studies that will eventually
lead to a more mature solution of real-time VaR computation. But it seems
clear that this optimal solution will also be based on tick-by-tick operators.

4 Process equations based on operators

Processes of the ARMA and GARCH families can be expressed in terms of
time series operators, as we have seen for IGARCH in eq. (19). The squared
conditional volatility of a GARCH(1,1) process, for example, can be written
as follows:

o%(t) = ¢+ ad’(t") + b[z(t') —z(t' — Ab)]? (21)

where ' = t — At. The following alternative notation is based on a simple
EMA operator:

() = 7o 4 o BMA | o) —at - AP | (22)
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This rephrased form of GARCH(1,1) is a starting point of interesting new
developments. Initially, it applies to a discrete, homogeneous time series in
the sense of eq. (10), but it allows for a direct and efficient computation of
the GARCH(1,1) volatility from inhomogeneous data, since the operator tech-
nique is also suited to inhomogeneous time series. This is not possible with
conventional methods.

Moreover, eq. (22) can be modified to obtain other processes. The kernel
of the EMA operator can, for example, be replaced by other kernels. The
return z(t') — z(t' — At) can be replaced by a smoothed return computed by a
differential operator which reflects the perception of market participants better
that the simple return.

Dacorogna et al. (1998)2 have introduced the EMA-HARCH process to
model some empirical facts of high-frequency data in finance: the long memory
of volatility, the fat tails of the return distribution and the asymmetric causal-
ity between fine-grained (high-resolution) and coarse-grained (low-resolution)
volatilities as found by Miiller et al.®. This is one of the first processes whose
equation is written with the help of a time series operator:

o(t) = ¢+ Zc,- o2(t) (23)

The “partial volatilities” 032- correspond to market segments and are written in
terms of the EMA operator:

kit — ks
o%(t) = EMA [%At; [z(t) — z(t' — k;At)]? (24)
with k1 = 1 and k; = 472 +1 for j>1.

There are many more possibilities and good reasons to introduce time
series operators in process equations to a much larger extent in the future.

5 Conclusions

Most financial markets produce inhomogeneous data, irregularly spaced in
time. The time series operators presented in this paper are able to directly use
inhomogeneous data to estimate statistical variables such as volatilities. This
computation is efficient thanks to simple iteration formulas. The operator
technique efficiently works also for homogeneous, equally spaced data.
Starting from the simple exponential moving average (EMA) operator,
large families of operators with different kernels and different purposes can be
constructed. A wider overview of these more complex operators, which are still
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computationally efficient, is given by Zumbach and Miiller 2. One example is
a tick-by-tick Fourier analysis on a moving sample.

Thanks to averaging, the operator technique often produces results with
less noise (lower stochastic errors) than conventional methods based on ho-
mogeneous time series. This is also the case for the main application of this
paper: volatility of daily returns as needed for Value-at-Risk (VaR) computa-
tions. The conventional RiskMetrics method has a rather high stochastic error
which is demonstrated in a new way: volatility is computed twice with daily
data. In one case, the data is always sampled at 7 am GMT (late afternoon in
East Asia), in the other case at 5 pm (late afternoon in London). The results
of the two computations can differ by some 25% for many days in a row -
an embarrassing fact for risk managers. The proposed tick-by-tick alternative
based on time series operators does not have this sensitivity against the choice
of the daytime and has less noise, while keeping the essential characteristics of
the RiskMetrics method: it is still based on daily returns and still has a range
(center of gravity of the kernel) of around 16 working days.

The logical next step will be to design a complete market risk analysis
based on the time series operator technique. Its result will be a real-time VaR,
updated with every new incoming tick from a market, with less noise than the
corresponding results from conventional methods.

Finally, the operator technique can be used to formulate time series gen-
eration process equations. This is possible for well-known processes such as
GARCH and new, more complex processes such as EMA-HARCH. The formu-
lation in terms of operators has many advantages: flexibility and applicability
to irregularly spaced time series.
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