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Abstract

Forapropercomputationofthescalinglaw exponentfrom intra-dailyquotedprices,itisessentialtodiscuss
andestimatethedifferenttypeoferrorspresentwhen computingthevolatility.

W epresentherethederivation oftheerrorofastatisticalaverageofan absoluteorsquared pricechange

observedoveracertain timeinterval.Thesourcesoferrorareoftwotypes:theconventionalstatisticalerrordue

tothenumberofobservationsandameasurementerrorduetothedefinitionofthemiddlepricewhichcontainsa

fundamentaluncertaintycausedbythespread.

1 M otivation

W ehaveshow n in (M ülleretal.,1990)thattheaverageabsolutepricechange,j�xj,asw ellas

therootofthem ean squared pricechanges,(�x2)1=2,follow sascaling law asafunction ofthe
tim eintervalon w hich thisquantity ism easured.Theparam etersofthislaw seem very stable
(see(Guillaum eetal.,1994))butdepend on thew ay thestatisticalquantitiesarecom puted and
on theerrorsthatentertheevaluationthrough theleastsquarefitofthescalinglaw param eters.
In (M ülleretal.,1990),w ebriefly m ention theproblem butin orderto help people reproduce
ourresults,w egiveherethefullderivation oftheerror.

W henm akingstatisticalstudiesofpricechangesorreturn,peopleusuallyconsideronlyone
sourceoferrors:theusualstatisticalerrordueto thelim ited num berofobservation.Thiserror
isclearly dom inantw hen thereturn ism easured overtim e intervalsofa day orm ore.W hen
the tim e intervalisreduced to few m inutes,how ever,the uncertainty on the price definition
due to the spread m ustbe also considered. The m arketm akers are biased tow ards one of
the tw o prices,eitherthe bid orthe ask,thusintroducing a bouncing effectthatreflectsin a
negative autocorrelation ofthe price changesin the very shortterm (Goodhartand Figliuoli,
1991;Guillaum eetal.,1994).Thetruem arketpriceisbetw een thebid and theask quotesbut
notnecessarilyintheirexactm idpoint(M ülleretal.,1990;BollerslevandDom ow itz,1993).This
uncertaintycan beassessed to aconsiderablefraction ofthenom inalbid-ask spread.Forshort
horizons,theam plitudesofpricem ovem entsbecom ecom parabletothesizeofthespread.The
uncertaintycan thusim ply aim portantm easurem enterror.

Thepurposeofthisshortnoteisto derivetheerroron thestatisticalquantity entering the
scaling law com putation w hen them easurem enterrorisalso taken into account.

2 Few definitionsand assum ptions

W estartfrom few definitionsoftheim portantvariables(som e ofthem can befound in (Guil-
laum eetal.,1994)togetherw ith adiscussion oftheirm eaning):

� theprice

x(tj) � [logpask(tj) + logpbid(tj)] = 2 (2.1)

w here tj is the sequence ofthe tick recording tim es w hich is unequally spaced. A n
alternativenotation is

x(ti) � x(�t; ti) � xi � [logpask(ti) + logpbid(ti)] = 2 (2.2)
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w here ti isthesequenceoftheregularspaced in tim edataseparated by thetim einterval
�t.To obtain thepriceattim e ti an interpolation m ethod isneeded.W eusually linearly
interpolatebetw een tw o neighboring prices(M ülleretal.,1990).

� thepricechangeorreturn

r(ti) � r(�t;ti) � ri � x(ti) � x(ti ��t) = xi � xi�1 (2.3)

w herexi�1 and xi aretw o consecutiveelem entsin thehom ogeneoustim eseries.

� theaverageabsolutevalueofthereturn w hich w ealso often callvolatility:

v(ti) � v(�t; S;ti) � j�xj �
1
n

n�1X
k=0

jr(�t;ti�k)j (2.4)

w hereS = n�t isthesam pleperiod on w hich thevolatility iscom puted.

� therelativespread

s(ti) � logpask(ti) � logpbid(ti) (2.5)

U singthesedefinitions,w ecanw ritetheem piricalscalinglaw (M ülleretal.,1990)asfollow s,

v(�t; S;ti) = j�xj =

�
�t

�T

� 1
E

(2.6)

Thisem piricallaw isw ellfulfilled forsufficiently largesam plesS.�T and thedriftexponent
E areconstantsdepending on theFX rate.Thelaw relatesthevolatility overatim einterval�t

to thesizeofthisintervalin tim e.

Thescaling law isem pirically com puted by fitting itslogarithm icform ,

log j�xj =
1
E

(log�t � log�T ) (2.7)

Thelaw becom eslinearin thisform .Forthelinearregression,w e need to know theerrorsof
log j�xj.

A sim ilarscaling law isvalid for(�x2)1=2 instead ofj�xj.W edefine

�x2 �
1
n

n�1X
k=0

r2i�k (2.8)

analogousto eq.2.4.Thescaling law for(�x2)1=2 is

log�x2
1=2

=
1
E0

(log�t � log�T 0) (2.9)
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3 Theerrorofm ean squared pricechanges

The problem isto find the erroron j�xj know ing thatw e have an uncertainty related to the
price definition and to the spread. Expressionsw ith absolute valuessuch as j�xj are know n
fortheirpooranalyticaltractability. Therefore,the w hole errorcom putation is done forthe

analogouscaseof(�x2)1=2.

Follow ing the argum entsgiven in the introduction,letusassum e thatx�i isthe series of
truelogarithm icm arketpricesw hereastheobserved m iddlevaluesxi asdefined by eq.2.2are
subjectto an additionalm arketm akerbias"i:

xi = x�i + "i (3.1)

Thetruereturn isdefined analogousto eq.2.3:

r�i � r�(ti) � x�i � x�i�1 (3.2)

Itsrelation to theobserved return follow sfrom eqs.2.3and 3.1:

ri = r�i + "i � "i�1 (3.3)

Tocom putetheerror,am inim um know ledgeon thedistribution ofthestochasticquantities
is required. W e know thatthe returns ri and r�i follow a Gaussian distribution only as a
very crude approxim ation,see (Guillaum e etal.,1994),and the m arketm akerbias "i m ight
also be non-norm ally distributed. N evertheless,w e shallassum e Gaussian distributions as
approxim ationsto m aketheproblem analytically tractable:

r�i 2 N(0; %�2) (3.4)

"i 2 N(0;
�2

2
) (3.5)

W eapproxim ate thestandard deviation ofthem arketm akerbiasby 1/4ofa typicalvalueof
therelativespread (equation 2.5);thism eansthat�2 isassum ed to 1/8ofthesquared relative
spread1. Studiesw ith transaction priceshave show n thatthe “true” spread isvery different
from thequotedspread (Goodhartetal.,1994).Thisquantityisakind ofconvention,them arket
m akerisreally interested in oneofthebid orask priceand addsorsubtractsacanonicalvalue
to the price he w antsto use. In norm alm arketconditions,the price issettled w ith an equal
distribution ofbuyersand sellers.Thus,in afirstapproxim ation,thetw orandom variables,the
truereturnsand them arketm akerbiasasitappearsin quoted prices,can w ellbeassum ed to
beindependent.

N ow,w eareready to com putetheexpectation ofr2i from eq.3.3,using eqs.3.4and 3.5and
theindependenceofr�i and "i:

%2 � E(r2i ) = E(�x2) = %�2 + �2 (3.6)

1W eneglectspread changesasourassum ptionsare anyw ay too fuzzy to takem ore than an estim ation forthe
m easurem enterror.
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Thesquared observed returnsarethusbiased by thepositiveam ountof�2.

Em piricalm easuresof�x2 arenotonly biased butcontain also a stochasticerrorw hich is

defined asthedeviation of�x2 from itsexpectation %2.Thevarianceofthisstochasticerrorcan
beform ulated:

�2 � E[(�x2 � %2)2] = E(�x2
2
� 2�x2 %2 + %4) (3.7)

Thelastform ofthisequationhastheexpanded term softhesquare.Thefirstterm ,�x2
2
,can be

explicitlyw ritten byinsertingeqs.2.8and 3.3;theothertw oterm scan besim plified byinserting
eq.3.6.W eobtain

�2 = Ef[
1
n

nX
i=1

(r�i + "i � "i�1)
2]2g � %4 (3.8)

The firstterm issom ew hattediousto com pute because ofthe tw o squaresand the sum . W e
expandthesquarestogetm anyterm sforw hichw ehavetocom putetheexpectationvalues.A ll
thoseterm sthatcontain r� or" to an odd pow erhaveazero expectation dueto thesym m etry
ofthenorm aldistribution and theindependenceofr� and ".Theexpectationsofr�2 and "2 can
betaken from eqs.3.4 and 3.5.Theexpectationsofthefourth m om entsofnorm aldistribution
are

E(r�4i ) = 3 [E(r�2i )]2 = 3%�4 (3.9)

E("4i ) = E("4i�1) = 3 [E("2i )]
2 =

3
4
�4 (3.10)

asto be found in (Kendalletal.,1987)(p.321 and 338),forexam ple. By inserting this and
carefully evaluating alltheterm s,w eobtain

�2 =
n+ 2
n

%�4 +
2n+ 2

n
%�2 �2 +

n+ 2+ n�1
n

n
�4 � %4 (3.11)

By inserting eq.3.6,w ecan expresstheresulting stochasticerrorvarianceeitherin term sof%�,

�2 =
2
n
%�4 +

2
n
%�2 �2 + (

3
n
�

1

n2
) �4 (3.12)

orin term sof%,

�2 =
2
n
%4 �

2
n
%2 �2 + (

3
n
�

1

n2
) �4 (3.13)

N ow,w e know both the bias �2 ofan em pirically m easured �x2 and the variance ofits
stochasticerror.Forreporting theresultsand using them in thescaling law com putation,tw o
alternativeapproachesarepossible:

1.W e can subtractthe bias �2 from the observed �x2 and take the resultw ith a stochastic
errorofa variancefollow ing eq.3.13,approxim ating %2 by �x2.W edo notrecom m end
thisbecause�2 isonly approxim ately know n and thuscontainsanotherunknow n error.
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2.W ecan taketheoriginally obtained valueof�x2 and regard thebias�2 asaseparateerror
com ponentin addition to thestochasticerror.Thisistheappropriatew ay to go,given the
uncertainty of�2.

Follow ing thesecond approach,w eform ulatea totalerrorw ith variance�2total,containing the
biasand the stochasticerror. Thestochasticerrorisindependentofthe biasby definition,so
thetotalerrorvarianceisthesum ofthestochasticvarianceand thesquared bias:

�2total = �2 + �4 =
2
n
%4 �

2
n
%2 �2 + (1+

3
n
�

1

n2
) �4 (3.14)

Thisisthefinal,resulting varianceofthetotalerrorof�x2.

Fortheapplication in thescaling law,w ecan useagood approxim ation forlargevaluesof
n,asto beshow n.Forthis,w eintroducetheauxiliary variable

c =

r
n

2
�2

%2
(3.15)

and reform ulateeq.3.14:

�2total =
2
n
%4 [1 �

s
2
n
c + (1+

3
n
�

1

n2
) c2] (3.16)

U sing therelation

c < 1 + c2 (3.17)

w eobtain

�2total =
2
n
%4 f1+O(n�1=2) + [1+O(n�1=2)] c2g (3.18)

Forlarge tim e intervalsofa scaling law study,c isvery sm all,so w e can anyw ay neglectall
the term sofeq.3.16 thatcontain c. Forsm alltim e intervalson the otherhand,the num ber
n ofobservationsbecom eslarge and w e can neglectallhigherorderterm softheasym ptotic
expansion againstn. By dropping the higherorderterm sand re-inserting eq.3.15,the error
variancebecom es

�2total �
2
n
%4 + �4 �

2
n
�x2

2
+ �4 (3.19)

In thelastform ,thetheoreticalconstant%2 hasbeen replaced by itsestim ator�x2,seeeq.3.6.

Them ean squared return w ith errorcan beform ulated asfollow s:

�x2w itherror = �x2 �

s
�4+

2
n
�x2

2
(3.20)

w herethesecond term isthestandard deviation oftheerroraccording to eq.3.19.
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The scaling law isusually form ulated for (�x2)1=2 ratherthan �x2. A pplying the law of
errorpropagation,w eobtain:

�x2
1=2
w itherror = �x2

1=2
�

d�x2
1=2

d�x2

s
�4+

2
n
�x2

2
= �x2

1=2
�

s
�4

4�x2
+

�x2

2n
(3.21)

Thescaling law fittingisdonein thelinearform obtained forlog(�x2)1=2,seeeq.2.9.A gain
applying thelaw oferrorpropagation,w eobtain:

log�x2
1=2
w itherror = log�x2

1=2
�

d log�x2
1=2

d�x2
1=2

r
�4

4�x2
+ �x2

2 n

= log�x2
1=2

�

r
�4

4�x2
2 +

1
2 n

(3.22)

w hich givesriseto thefollow ing expression fortheerrorvarianceofthisquantity:

Var(log�x2
1=2

) =
�4

4�x2
2 +

1
2n

(3.23)

4 Theerrorofm ean absolutepricechanges

The assum ption isnow thatthe variance ofthe errorforlog j�xj is approxim ately the sam e

asthatoflog(�x2)1=2 in equation (3.23)and thatw eonly need to replacetheretheem pirically

obtained (�x2)1=2 by the em pirically obtained j�xj. This approxim ation is justified by the
sim ilarsizesand behaviorsofboth quantities.W eobtain

Var(log j�xj) =
�4

4 j�xj
4 +

1
2n

(4.1)

Thisexpression hasinteresting properties.In thecaseoflong tim eintervals,j�xj � � and the
term 1=(2n) becom estheessentialcauseoferrors.In thecaseofshorttim eintervals,n isvery
big butj�xj isofthesam eorderas� and thefirstterm oftherighthand sideoftheequation
playsthecentralrole.
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