The Error of Statistical Volatility of
Intra-daily Quoted Price Changes
Observed over a Time Interval

ULRICH A. MULLER, MICHEL M. DACOROGNA,
OLIVIER V. PICTET

UAM.1995-07-31

August 8, 1995

A discussion paper by the O& A Research Group

The purpose of this paper isto promote discussions
and the exchange of ideas. Comments on the concepts
presented are gratefully received.



Contents

1 Motivation

2 Few definitions and assumptions

3 Theerror of mean squared price changes

4 The error of mean absolute price changes

REFEREN CES

O&A Discussion



Abstract

For aproper computation of thescaling law exponent from intra-daily quoted prices, it is essential to discuss
and estimate the different typeof errors present when computing thevolatility.

We present here the derivation of the error of a statistical average of an absolute or squared price change
observed over acertain timeinterval. Thesources of error areof two types: the conventional statistical error due
to the number of observationsand a measurement error dueto the definition of themiddle pricewhich containsa
fundamental uncertainty caused by the spread.

1 Motivation

We have shown in (Miller et al., 1990) that the average absolute price change, |Az|, aswell as
theroot of the mean squared price changes, (@)1/2, follows a scaling law as a function of the
time interval on which this quantity is measured. The parameters of thislaw seem very stable
(see (Guillaume et al., 1994)) but depend on theway the statistical quantities are computed and
on theerrorsthat enter theevaluation through theleast squarefit of the scaling law parameters.
In (Mller et al., 1990), we briefly mention the problem but in order to help people reproduce
our results, we give here the full derivation of the error.

When making statistical studiesof price changesor return, people usually consider only one
source of errors: theusual statistical error dueto thelimited number of observation. Thiserror
is clearly dominant when the return is measured over time intervals of a day or more. When
the time interval is reduced to few minutes, however, the uncertainty on the price definition
due to the spread must be also considered. The market makers are biased towards one of
the two prices, either the bid or the ask, thus introducing a bouncing effect that reflects in a
negative autocorrelation of the price changes in the very short term (Goodhart and Figliuoli,
1991; Guillaume et al., 1994). The true market price is between the bid and the ask quotes but
not necessarily in their exact midpoint (Muller et al., 1990; Bollerslev and Domowitz, 1993). This
uncertainty can be assessed to a considerable fraction of the nominal bid-ask spread. For short
horizons, theamplitudes of price movements become comparable to the size of the spread. The
uncertainty can thusimply aimportant measurement error.

The purpose of this short note is to derive the error on the statistical quantity entering the
scaling law computation when the measurement error is also taken into account.

2 Few definitions and assumptions

We start from few definitions of the important variables (some of them can be found in (Guil-
laume et al., 1994) together with a discussion of their meaning):

e theprice

x(t;) = [l0gpask(t;) + 109 pria(t;)] /2 (2.1)

where ¢; is the sequence of the tick recording times which is unequally spaced. An
alternative notation is

z(t;) = 2(ALLG) = x; = [logpagr(t;) + 109 pyig(ti)] / 2 (2.2)
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wheret; is the sequence of theregular spaced in time data separated by thetime interval
At. To obtain the price at time ¢; an interpolation method is needed. We usually linearly
interpolate between two neighboring prices (Mller et al., 1990).

e the price change or return
r(t;) = r(Att) = 1 = () — 2t —At) = @ — 21 (2.3)
where z;_; and z; are two consecutive elementsin the homogeneoustime series.
e the average absolute value of the return which we also often call volatility:
n—1

ot) = v(ALSi) = A = = 3 Ak (24)
k=0

where S = nAt isthesample period on which the volatility is computed.

e therelative spread
s(t;) = 109 pasr(t;) — 109 pyig(l;) (2.5)

Using thesedefinitions, we can writetheempirical scaling law (M Uller et al., 1990) asfollows,

(2.6)

AL\ F
E)

o(ALSE) = [Ra] = (

Thisempirical law iswell fulfilled for sufficiently large samples .S. AT and the drift exponent
E are constantsdepending on the FX rate. Thelaw relatesthevolatility over atimeinterval At
to thesize of thisinterval in time.

The scaling law is empirically computed by fitting its logarithmic form,

log|Az| = %(IogAt — log AT) 2.7)

Thelaw becomes linear in this form. For the linear regression, we need to know the errors of
log|Az|.

A similar scaling law isvalid for (Az2)Y/2instead of [Az]. We define
A2 = =Y 02, (2.8)

analogousto eq. 2.4. The scaling law for (Az2)%/2is

—1/2

log Az2 % (log At — log AT") (2.9)
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3 Theerror of mean squared price changes

The problem is to find the error on [Az| knowing that we have an uncertainty related to the
price definition and to the spread. Expressions with absolute values such as [Az| are known
for their poor analytical tractability. Therefore, the whole error computation is done for the
analogous case of (Az2)1/2,

Following the arguments given in the introduction, let us assume that z* is the series of
truelogarithmic market prices whereas the observed middle values z; asdefined by eq. 2.2 are
subject to an additional market maker bias<;:

r, = x; + & (3.1
Thetruereturn is defined analogousto eq. 2.3:

o= o) = el - el (32)
Itsrelation to the observed return follows from egs. 2.3 and 3.1:

T e B (3.3)

To computetheerror, aminimum knowledge on thedistribution of the stochastic quantities
is required. We know that the returns r; and rf follow a Gaussian distribution only as a
very crude approximation, see (Guillaume et al., 1994), and the market maker bias ¢; might
also be non-normally distributed. Nevertheless, we shall assume Gaussian distributions as
approximationsto make the problem analytically tractable:

17 € N(0,0%?) (3.4)
2
s € N(O,%) (35)

We approximate the standard deviation of the market maker bias by 1/ 4 of atypical value of
the relative spread (equation 2.5); this meansthat 72 is assumed to 1/ 8 of the squared relative
spread®. Studies with transaction prices have shown that the “true” spread is very different
from thequoted spread (Goodhart et al., 1994). Thisquantity isakind of convention, the market
maker is really interested in one of the bid or ask price and adds or subtracts a canonical value
to the price he wantsto use. In normal market conditions, the price is settled with an equal
distribution of buyersand sellers. Thus, in afirst approximation, thetwo random variables, the
truereturns and the market maker bias as it appearsin quoted prices, can well be assumed to
be independent.

Now, we are ready to compute the expectation of #? from eq. 3.3, using egs. 3.4 and 3.5and
theindependence of » and ¢;:

o* = E(r}) = E(Aa?) = o + 7 (36)

1We neglect spread changes as our assumptions are anyway too fuzzy to take more than an estimation for the
measurement error.
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The squared observed returnsare thus biased by the positive amount of 52.

Empirical measures of Az2 are not only biased but contain also a stochastic error which is
defined asthe deviation of Az2 from its expectation p2. The variance of this stochastic error can
be formulated:

o2 = E[(Ae? — 09 = E(As?Z — 27252 + oY 3.7)

Thelast form of thisequation hasthe expanded terms of the square. Thefirst term, @2, can be
explicitly written by inserting egs. 2.8 and 3.3; the other two termscan be simplified by inserting
eq.3.6. We obtain
1& s 212 4

- (e —eic)Y — o (3.8)
=1

Thefirst term is somewhat tedious to compute because of the two squares and the sum. We
expand thesquaresto get many termsfor which we haveto computethe expectation values. All
those terms that contain r* or ¢ to an odd power have a zero expectation due to the symmetry
of the normal distribution and theindependence of +* and <. The expectations of *2 and 2 can
be taken from egs. 3.4 and 3.5. The expectations of the fourth moments of normal distribution
are

E(iY) = 3[E())? = 30 (3.9)
Es)) = E(el,) = 3[EEDP = 3 (3.10)

as to be found in (Kendall et al., 1987) (p. 321 and 338), for example. By inserting this and
carefully evaluating all the terms, we obtain

n+2 .4 2n+2 n4 2421
o = —= "t 4 0P gt pt (3.11)

n n n

By inserting eq.3.6, we can express the resulting stochastic error variance either in terms of ¢*,

2 2 3 1
2 _ < «4 s %2 2 © - 4
of = Lo+ ot 4 (- ) (312
or in terms of o,
2 2 3 1
2 _ £ 4 £ 2 2 S 4\ 4
of = ot = ot 4+ (o - 5) (3.13)

Now, we know both the bias 5? of an empirically measured Az2 and the variance of its
stochastic error. For reporting the results and using them in the scaling law computation, two
alternative approaches are possible:

1. We can subtract the bias 5? from the observed Az?2 and take the result with a stochastic
error of a variance following eq. 3.13, approximating ¢ by Az2. We do not recommend
this because 72 is only approximately known and thus contains another unknown error.
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2. We can take the originally obtained value of Az2 and regard the bias n? as a separateerror
component in addition to the stochastic error. Thisisthe appropriate way to go, given the
uncertainty of 7.

Following the second approach, we formulate a total error with variance o2, containing the
bias and the stochastic error. The stochastic error is independent of the bias by definition, so
thetotal error variance is the sum of the stochastic variance and the squared bias:

2 4 2 59 3 1 4

2 2 4
Tota = O TN = 0 = 0] +(1+5__)77

(3.14)

Thisisthefinal, resulting variance of the total error of Az2.

For the application in the scaling law, we can use a good approximation for large values of
n, asto be shown. For this, weintroduce the auxiliary variable

2
w
32 (3.15)

and reformulate eq. 3.14:

P = o' - @ et (1t ) (3.16)
Using therelation

c <1+ ¢ (3.17)
we obtain

B = 2 1+00 V) 4 140 ) (3.18)

For large time intervals of a scaling law study, ¢ is very small, so we can anyway neglect all
the terms of eq. 3.16 that contain ¢. For small time intervals on the other hand, the number
n of observations becomes large and we can neglect all higher order terms of the asymptotic
expansion against n. By dropping the higher order terms and re-inserting eq. 3.15, the error
variance becomes

2 2 —=2
ot = - ot t xS A (3.19)

In the last form, the theoretical constant o2 has been replaced by its estimator Az2, see eq. 3.6.

Themean squared return with error can be formulated as follows:

— — / 2 —52
Az?yitheror = Ax? £ 4%+ o Az? (3.20)

where the second term isthe standard deviation of the error according to eq. 3.19.
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The scaling law is usually formulated for (Az2)Y/2 rather than Az2. Applying the law of
error propagation, we obtain:

1/2 p—
—1/2 vz dAz2 [ A2
Az2yitheror = Az pveal dAw = Aw Az vzl Z|Z 4& + Ty (3.21)

Thescaling law fittingisdonein thelinear form obtained for Iog(@)l/z, see eg. 2.9. Again
applying thelaw of error propagation, we obtain:

~—31/2 <342 | dlogazz’? ‘Az
IOgszwitherror = IOgsz + :iAzl/z 4b+é272
(3.22)
—  logAzZ"% & oo+
4 Ag?
which givesriseto the following expression for the error variance of this quantity:
4
1
Var(logAz2’?) = L 4 = (3.23)
472 27

4 Theerror of mean absolute price changes

The assumption is now that the variance of the error for log|Az]| is approximately the same
asthat of Iog(@)l/2 in equation (3.23) and that we only need to replace there the empirically
obtained (Az2)Y/2 by the empirically obtained [Az|. This approximation is justified by the
similar sizes and behaviors of both quantities. We obtain

4
1

T (41)

4|Az| "

ar(log|Az])

This expression has interesting properties. In the case of long time intervals, [Az| > 75 and the
term 1/(2n) becomes the essential cause of errors. In the case of short time intervals, n is very
big but [Az| is of the same order as 7 and the first term of the right hand side of the equation
playsthe central role.
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